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The Constrained Effective Potential (CEP) is known to be equivalent to the usual Effective Potential (EP) in
the infinite volume limit. We have carried out MonteCarlo calculations based on the two different definitions to
get informations on finite size effects. We also compared these calculations with those based on an Improved CEP
(ICEP) which takes into account the finite size of the lattice. It turns out that ICEP actually reduces the finite
size effects which are more visible near the vanishing of the external source.
1. CEP and its properties
The effective potential is defined as the Legen-
dre transform of the Schwinger function W (Ω, j)
(j constant external source, Ω lattice size)
Γ
(
Ω, φ¯
)
= sup
j
(
jφ¯−W (Ω, j)
)
(1)
with
exp (ΩW (Ω, j)) =∫
Dφ exp {−S [φ] + ΩjM [φ]}
M [φ] =
1
Ω
∫
Ω
φ (x) ddx
S [φ] =
∫
Ω
(
1
2
(∂µφ)
2 + V [φ]
)
ddx
V [φ] =
1
2
r0φ
2 +
1
4
λ0φ
4.
According to ref. [1] the CEP U
(
Ω, φ¯
)
is de-
fined as
exp
(
−ΩU
(
Ω, φ¯
))
= (2)∫
Dφδ
(
M [φ]− φ¯
)
× exp (−S [φ]) ≡ N
which entails
exp (ΩW (Ω, j)) = (3)∫
dφ¯ exp
[
Ω
(
jφ¯− U
(
Ω, φ¯
))]
it has been shown in [1] that
lim
Ω→∞
Γ
(
Ω, φ¯
)
= lim
Ω→∞
U
(
Ω, φ¯
)
. (4)
2. Using CEP on the lattice
If Ω is large enough, from eq. (4) we get
Γ
(
Ω, φ¯
)
≈ U
(
Ω, φ¯
)
and
J =
dΓ
(
Ω, φ¯
)
dφ¯
≈
dU
(
Ω, φ¯
)
dφ¯
.
We define
〈O [φ]〉φ¯ =
1
N
∫
Dφδ
(
M [φ]− φ¯
)
O [φ] exp (−S [φ])
From [1] CEP gives
dU
(
Ω, φ¯
)
dφ¯
=
1
Ω
〈∫
ddxV ′ [φ]
〉
φ¯
= 〈V ′〉φ¯ ≈ J
3. Improving CEP
We evaluate eq. (3) with the saddle point
method around a ϕ such that j − U ′ (Ω, ϕ) = 0.
Then we get
W (Ω, j) = jϕ− U (Ω, ϕ)−
1
2
1
Ω
lnU ′′ (Ω, ϕ) +
1
2
1
Ω
ln 2π −
1
2
1
Ω
lnΩ.
From above equation and from eq. (1) then one
has
Γ (Ω, ϕ) = U (Ω, ϕ) +
1
2
1
Ω
lnU ′′ (Ω, ϕ)− (5)
21
2
1
Ω
ln 2π +
1
2
1
Ω
lnΩ
and hence
j =
dΓ (Ω, ϕ)
dϕ
= U ′ (Ω, ϕ) +
1
2
1
Ω
U ′′′ (Ω, ϕ)
U ′′ (Ω, ϕ)
(6)
Iteration of the method adopted for computing
U ′ (Ω, ϕ) gives
U ′′ = 〈V ′′〉φ¯ − Ω
〈(
V ′ − 〈V ′〉φ¯
)2〉
φ¯
U ′′′ = 〈V ′′′〉φ¯ −
3Ω
〈(
V ′ − 〈V ′〉φ¯
)(
V ′′ − 〈V ′′〉φ¯
)〉
φ¯
+
Ω2
〈(
V ′ − 〈V ′〉φ¯
)3〉
φ¯
4. Montecarlo for CEP and ICEP and data
analysis
The Montecarlo updating must be performed
by keeping constant the φ¯ value.
This can be achieved by doing the Montecarlo
update on pairs of lattice sites in such a way that
changing the field values does not change their
average.
In [1] this was done by choosing a fixed site and
pairing it with the others in turn.
We developed a different algorithm, which per-
forms, for each site of the lattice, a random choice
of the second site. This avoids some problems
concerning next neighbor updates and, moreover,
allows encoding either in vectorial or parallel pro-
grams.
Our procedure to get an estimate of finite size
effects in Montecarlo computations is summarized
as follows
J IN
EP
−→ 〈φ〉OUT
↓ mean
value
JOUT
CEP
ICEP←− 〈φ〉IN
J IN is the input value of standard Montecarlo
Effective Potential (EP). In the infinite volume
limit J IN and JOUT, the latter given from CEP
or ICEP, should be equal. Their difference, from
finite lattice calculations, includes some finite size
effects, which should be controlled with ICEP.
The effectiveness of ICEP has been verified from
the behavior of two parameters ρ and ǫ
ρ =
〈φ〉IN JOUT
〈φ〉OUT J IN
− 1
ǫ = 2
J IN − JOUT
J IN + JOUT
.
The errors in ρ includes those of 〈φ〉OUT and
JOUT. The errors in ǫ come from those in JOUT
only. The EP values used as input in our Mon-
tecarlo calculations are those reported in [2] sup-
plemented with some others obtained by running
the same program. They are also used to compare
EP, CEP and ICEP in Fig. 1.
5. Comments and conclusions
From the plots in Fig. 1 a similar behaviour of
ρ and ǫ is apparent, though only ρ depends on EP
calculations. The comparison of the usual Mon-
tecarlo EP with CEP and ICEP shows that the
latter reduces the finite size effects, which should
also affect EP. These effects are especially rele-
vant when 〈φ〉 ≈ 0 and in this domain the plots
in Fig. 1 clearly show that ICEP is better than
CEP.
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Figure 1. The lattice calculations have been per-
formed with r0=-0.2279 and λ0=0.5
